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Abstract

A quantitative phase-field model is used to investigate the free-volume microstructural pattern formation of eutectic
colonies with coupled heat and solute diffusion. The effects of thermal diffusity on morphological instability wavelength
in free-growth are formulated by simulating the dynamics of fully developed colonies. We find a good overall agreement
with the experiments which show the formation of eutectic colonies in Ti-based alloys. The two-dimensional simulations
show that the eutectic front dynamic happens on a scale much larger than the lamellar spacing and the evolution of the
interface leads to the formation of fully developed lamellar sectors. The model reduces to the traditional sharp-interface
model in a thin-interface limit, where the microscopic interface width is small but finite. Finally the model results are
compared with isothermal free-volume growth.
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1. Introduction

Eutectic alloys are of interest to metallurgists because
of their low melting points and of the superior mechani-
cal properties associated with a fine-scale composite mi-
crostructure. Eutectic morphologies form when two or
more phases grow simultaneously from the liquid. Due to
the fact that they are composed of more than one phase,
eutectics can exhibit a wide variety of geometrical arrange-
ments [4, 6, 10]. The vast majority of technological useful
eutectic alloys are composed of two phases. Therefore only
the later type of eutectic will be considered here.

In alloy solidification, the solidification rate is limited
by both heat and solute transfer. Heat transfer during so-
lidification of an eutectic system can be treated using dif-
ferent possible approaches. Some phase-field simulations
that assume coupled heat and solute diffusion at the in-
terface have been reported [5, 12]. In these cases the heat
and solute fields are coupled at the solid-liquid interface
by the relations for the interface temperature and by heat
and solute flux balances. In general the solutal diffusivity
in the liquid state is generally two to four orders of magni-
tude smaller than the thermal diffusivity. Therefore, solute
diffusion is often on a length scale similar to that of the
microstructure, and small solute additions can strongly af-
fect the interface pattern evolution [5]. However, for small
concentrations even though the thermal diffusivity may
be much larger than the solutal diffusivity, the solutal and
thermal effects are still comparable and the solute and heat
conservation equations need to be solved simultaneously.

Some of the other numerical studies of eutectic solidifica-
tion have omitted to solve heat equation, but employed
other assumptions for temperature [9, 11].

Numerous experiments and numerical studies on di-
rectional solidification, where the samples are pulled from
a hot into a cold region with a constant velocity, have
attempted to investigate the eutectic front behavior in-
cluding the lamellar spacing and pattern wavelength (λ)
selection, as the interface undergoes various instabilities
and exhibits some nonlinear features such as bifurcations
[15, 18]. In an attempt to formulate a theory for wave-
length selection in eutectic growth, an approximate po-
tential function for λ has been derived and it has argued
that under finite amplitude of noise, the wavelength selec-
tion on average is determined by a balance in the creation
rates and annihilation rates of lamellae [15]. Amplitude
equations that describe how the bifurcation effects create
a tilted domain, have been derived in [17] and the dynam-
ical wavelength selection mechanism have been predicted.
It has been found that the selected wavelength should scale
as λ ∼

√
ldf(l/lT ), where a scaling function f depends on

the diffusion and thermal lengths, l and lT , respectively
and d is the capillary length [16]. A phase-field study of
ternary eutectics, which has shown how the presence of
the third component in the system with an imposed ther-
mal gradient leads to the formation of eutectic colonies
and provided an effective description of the eutectic front
on length scales much larger than the lamellar spacing, is
reported in [8].
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The phase-field approach has emerged as a powerful
method to model the interfacial pattern formation and
phase transition in a range of different systems and has
been the subject of many researches recently [1, 2, 3, 4]. Its
advantage to the traditional free-boundary problem (FBP)
for predicting the interfacial growth is that discretizing and
tracking of the sharp-boundaries is avoided by introduc-
ing additional continuum field variables (phase-field vari-
ables). The phase-field variables take constant values in
each bulk phase and vary smoothly in a diffuse interface re-
gion of thickness W . In the so-called sharp-interface limit
the phase-field equations reduce to the standard FBP as
the interface thickness tends to zero.

Multiphase problems such as eutectic and peritectic
phase formation can be examined using the phase-field
method with multiple order parameters [6, 20]. In the con-
text of the present work, we examine the system of coupled
heat and solute diffusion by solving the heat equation to-
gether with phase-field and concentration fields to simulate
the free-volume eutectic colonies formation. Experiments
have widely shown that a steady-state lamellar eutectic so-
lidification front is destabilized on a scale much larger than
the lamellar spacing and forms two-phase cells commonly
referred to as eutectic colonies [8]. These phenomena are
investigated here by using a phase-field model for binary
eutectic alloys. In this paper we extend a quantitative
phase-field model of eutectic solidification [4] to work in
the free volume for a given initial nucleus. At this point
it is sufficient to calculate growth incorporating a single
crystal orientation. The simulations predict both the ra-
dial and circumferential growth of the colonies. To model
the instabilities leading to eutectic colonies formation, one
requires to include stochastic noises in the system. We
investigate by dynamical phase-field simulations the non-
linear evolution of the two-phase interfaces, which are a
consequence of the interface instabilities. The simulation
results show that the eutectic front dynamic happens on a
scale much larger than the lamellar spacing and depends
directly on Lewis numbers (the ratio of the thermal to the
solutal diffusion coefficients). The nonlinear interface evo-
lution leads to formation of fully developed two-phase sec-
tors with a spacing much larger than the lamellar spacing.
This large-scale envelope of the composite eutectic front
exhibits tip-splitting events as the nucleus grows and con-
verges to a steady state.

In the following section, we introduce the basic equa-
tions of free-boundary problem. The application of the
phase-field method to free-volume eutectic growth is pre-
sented in Section 3 and the simulation results are then
discussed in Section 4. Finally major results are summa-
rized in Section 5.

2. Free-Boundary Problem

Consider the solidification of a binary alloy. We de-
note the two phases by α and β. The composition vari-
ation among the coexisting phases can be characterized
by a concentration field, C and the concentration limits
of the eutectic plateau, Cα and Cβ . The composition and
temperature of the eutectic point are denoted by CE and
TE , respectively.

In free-volume eutectic colonies formation, the growth
starts from a small seed of one and/or both phases in a
large supercooled melt at a specified composition C0 and
temperature T0. For the free-volume growth with coupled
heat and solute diffusion, the temperature field in solid
and liquid phases is given by the heat diffusion equation,

∂tT = α∇2T (1)

where the thermal diffusivity (α) is assumed to be equal
in solid and liquid phases. The temperature of the solid-
liquid interfaces is given by Gibbs-Thomson condition,

T = TE + mi(Cl − CE)− Γκ− vn/ui (2)

where Cl is the concentration on the liquid side of the in-
terface, T is the temperature field, κ is the local curvature
of the interface, vn is the interface normal velocity and
i = α, β. The liquidus slopes of the alloy phase diagram,
mi, are taken at the eutectic point, ui are the kinetic co-
efficients and Γ is the Gibbs-Thomson coefficient defined
as

Γ =
γiLTE

Li
(3)

where γiL are the solid-liquid surface tensions and Li are
the latent heats. The solute transport occurs by diffusion
and γiL are assumed to be isotropic here. The interface
velocity and diffusion flux on the liquid side are related in
a way that the total mass is conserved,

Cl(1− ki)vn = −D∂nCl (4)

We define the dimensionless temperature as

θ =
(T − TE)

L̃/cp

(5)

where L̃ = 1/2(Lα+Lβ) is the average latent heat and cp is
the specific heat at constant pressure that is assumed equal
for solid and liquid phases. The free-boundary problem in
terms of θ and the scaled concentration field, c = (C −
CE)/4C, becomes

∂tc = D∇2c (6)
∂tθ = α∇2θ (7)

cl(1− ki)vn = −D∂ncl (8)
vn = α(∂nθs − ∂nθl) (9)

ci − Y θi = diκ− βivn (10)
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where Y = L̃/(cpmi4C) and 4C = Cβ − Cα. In these
equations, di and βi are the thermal capillary lengths and
kinetic coefficients, respectively.

di =
Γ

|mi|4C
=

γiLTE

|mi|4CLi
(11)

βi =
1

ui|mi|4C
(12)

One should note that the subscript i on θ and c represents
the quantities being evaluated at the interface.

3. Phase-Field Modeling Approach

In this section we formulate a phase-field model of
growth in eutectic colonies for a class of binary alloys that
involves a single liquid and two solid phases. To develop
a phase-field model for two-phase solidification, a smooth
free-energy functional can be defined specifically to ensure
the absence of the third phase in the interfaces. This free-
energy functional provides a coupling between concentra-
tion and the phase-field variables.
The phase-field model is not treated themodynamically
here. Therefor the free-energy functional takes the form
of the Helmholtz free energy for the given free-boundary
problem (FBP). The model that we describe here is capa-
ble to accommodate arbitrary eutectic phase diagrams and
reduces to the standard phase-field model of single order-
parameter, for each of the two solid-liquid interfaces. This
mapping allows us to deduce the thin-interface behavior
of the two-phase interfaces without performing a detailed
asymptotic analysis [4].

The phase-field method for a multiphase system begins
by assigning a seperate field pi to each phase (i = α, β, L),
each of which is unity in the corresponding ith single phase
region (pi = 1) of the sample and zero outside that phase
(pi = 0). Each phase-field parameter can then be under-
stood as a local volume fraction such that

∑
i pi = 1 and

0 6 pi 6 1. We assume that on a interface connecting
phases i and j, no other phase is present (pk = 0, k 6= i, j).
In order to construct the phase-field model, we introduce
a free-energy functional that provides the thermodynamic
features of the phase transformation. We formulate the to-
tal free energy as a functional of the field variables, which
is defined as the volume integral of a free-energy density
f .

F =
∫

V

fdV (13)

In other words, the chemical free energy as a function of
field variables can be approximated as a free-energy func-
tional, which is the volume integral of a free-energy density
f(~p, c, T ),

f(~p, c, T ) =
1
2

∑
i

(∇pi)2 + Hfp(~p) + fc(c, T, ~p) (14)

where fp is the potential term of the free-energy density
and depends only on the phase field, fc defines the basic
thermodynamic properties of the system and couples the
phase field to the concentration and temperature (see Eq.
(3.19) in Ref. [4]) and H is a constant term. The temporal
evolution of the concentration field is described by solute
diffusion equation,

∂c

∂t
= ∇.

(
M(pi)∇

δF

δc

)
(15)

where M(pi) are the diffusional mobility terms. We de-
fine the chemical potential to simplify the solute diffusion
equation,

µ =
δF

δc
=

∂f

∂c
= c−

∑
i

Ai(T )hi(~p) (16)

The Ai(T ) and Bi(T ) are obtained by linearization of
the phase diagram around the eutectic point as specified
in [4]. The function hi(~p) should have the value one in
each bulk phase and zero otherwise (hi(pi = 1) = 1 and
hi(pi = 0) = 0). Here we choose h(pi) = pi, which make
it possible to use a coarser discretization for saving some
computational costs.

In a typical metallic alloy system the solid phases have
a diffusion coefficient which is approximately four orders
of magnitude smaller than its value in the liquid phases.
Here we choose the solid diffusion coefficient in such a way
that its ratio to liquid diffusion constant is of order 10−2,

D̃s =
Ds

DL
(17)

where s = α, β for a binary system and Ds and DL are
assumed constant here. Although we have not assumed
zero solid diffusion coefficient, but the solid diffusivity is
much less than that in the liquid and the model is one-
sided. Therefore the antitrapping current has been added
to the continuity equation to counterbalance the physical
solute trapping effects [4]. The antitrapping current coun-
terbalances the solute effects when a mesoscopic interface
thickness is used to simulate the interface evolution on
experimental length and time scale. By substituting the
chemical potential given by Eq. (16) in Eq. (15) the con-
tinuity equation becomes

∂µ

∂t
= ~∇.

(
D(~p) ~∇µ−~jat

)
(18)

where D(~p) =
∑

j Djpj , Dj represents the diffusion coef-
ficient of the phase labeled j and ~jat is the antitrapping
term. The spatial-temporal evolution of these field vari-
ables defines the evolution of an arbitrary microstructure.
In this context two coupled non-linear partial differential
equations describe the evolution of the interface and the
equilibrium front problem.

τ(~p)
∂pi

∂t
= − 1

H

δF

δpi
|P

i pi=1 + ηi ∀i (19)
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where τ(~p) is a relaxation time and ηi are the stochastic
noise terms that are related to the interface instabilities.
By use of the Lagrange mulitipliers, the variational formu-
lation can be formulated as

δF

δpi
|P

i pi=1 =
δF

δpi
− 1

3

∑
j

δF

δpj
(20)

δF

δpi
=

∂f

∂pj
−
∑

ν

∂ν
∂f

∂(∂νpi)
(21)

where ν denotes the spacial coordinates. To perform the
variation on the r.h.s of Eq. (20), pi are assumed to be in-
dependent. As we metioned before, the i-j interface should
be free of the other phases. This requirement ensures that
with appropriate initial and boundary conditions, pi are
always between 0 and 1, pi ∈ [0, 1] ∀i. At an equilibrium
state, the variational derivatives of F must satisfy the fol-
lowing conditions

δF

δpi
|P

i pi=1,pk=0,1 = 0 ∀(i, k) (22)

δ2F

δp2
i

|P
i pi=1,pk=0,1 > 0 ∀(i, k)

The first condition not only ensures the absence of the
third phase absorbtion, but also the two wells of every
pure i-j interface remain at pi = 0, 1 in spite of the move
of the interface.

3.1. Coupled Heat and Solute Diffusion
Here, we write down the evolution equations for free-

volume eutectic colonies formation, in which the heat and
concentration fields are coupled at the solid-liquid inter-
faces. The stochastic noises should be included in the
eutectic system to simulate fluctuations at the interface,
which are necessary to model most of the eutectic struc-
tures observed in real systems. These noise terms allow
heterogeneous nucleation leading a system from a metastable
state to a stable state. To model the noise we introduce
an additional phase-dependence term into the phase-field
equations,

ηi = Ri(t)Mipj(1− pj) + (23)
RL(t)MLpL(1− pL) (i 6= j)

where Ri and RL(t) are random numbers between zero
and one, Mi and ML are the magnitudes of the fluctua-
tion and pL is the phase-field variable for the liquid phase.
One should note that here we have used a simple method
to include the fluctuation effects. However a more rigor-
ous method of introducing noise is possible, i.e. assuming
Langevin random noise [19].

To derive the heat transfer equation, we introduce the
internal energy density e as a conserved variable. The
evolution of e can be governed by the normal conservation

law for internal energy,

ė = −∇.Je (24)

where Je is the heat flux given by

Je = Le∇
δF

δe
(25)

The coefficient Le is related to the heat conduction. The
temperature evolution equation for a free eutectic growth
can be written as,

∂T

∂t
= α∇2T +

∑
i

Li

cp
|AL −Ai|

∂pi

∂t
(26)

The phase-field evolution equation in terms of dimension-
less temperature θ, is obtained by substituting the free-
energy density given by Eq. (14 ) in Eq. (19).

τ(~p)
∂pi

∂t
= W 2∇2pi +

2
3
[−2pi(1− pi) (27)

(1− 2pi) +
∑
j 6=i

pj(1− pj)(1− 2pj)] +

λ̄
∑

j

∂gi

∂pi
|P

i pi=1(ci + (ki − 1)Ziθ)

(µ− Ziθ) + ηi ∀i

where Zi = ∓L̃/(cpmi4C) are constant terms and the
function gi is given by Eq. (3.17) in Ref. [4]. Assuming
constant solid and liquid diffusion coefficients, the equa-
tion for solute concentration reads

∂µ

∂t
= ~∇.

(∑
i

(Dipi)~∇µ

)
− (28)

∑
i

(Ai
∂pi

∂t
+ (ki − 1)Zi

∂θ

∂t
) +

2a
∑

i=α,β

(Ai −AL)(−n̂L.n̂i)~∇.

(
n̂i

∂pi

∂t

)
where Ai = ci + (ki − 1)Ziθ. The coefficients ki are par-
tition coefficients which relate the concentrations on the
solid and liquid side of the interfaces, ki = Cs/Cl.

4. Numerical Simulations

In the following we present the numerical solutions of
the phase-field model derived in the preceding section to
study the free-volume eutectic colonies formation. The
goal is to study the dynamic behavior of free colonies for-
mation and to investigate the effects of the heat diffusion.
The evolution equations are discretized using a finite differ-
ence method on a uniform rectangular mesh. The explicit
Euler scheme is used for the time stepping. To carry out
the simulations, it is useful to define the scaled diffusivity,
D̄ = Dτ̄/W 2, and relaxation time, τ̄(~p) = τ(~p)/τ̄ , by using
τ̄ and W as the time and length scales. For computational
efficiency, we use a symmetric eutectic phase diagram in

4



which |mβ | = |mα| = m, |cβ |/|cα| = 1, L̃ = Lα = Lβ and
kα = kβ = 1. The initial composition of each solid phase
is set to its equilibrium composition at the eutectic tem-
perature, −0.5 and 0.5 for cα and cβ . The liquid diffusion
coefficient D and the average capillary d̄ length are set to
0.5× 10−9 m2/s and 6.5 nm, respectively.

4.1. Simulations of Thermosolutal Free-Volume Solidifica-
tion

In free eutectic growth with coupled heat and solute
diffusion, as the morphology evolves, the thermal and so-
lutal diffusions proceed in different time scales and the
length scales of both processes also differ. To obtain the
domain independent solution for free eutectic growth (hav-
ing eutectics growing freely), the computational domain
should be large enough to prevent significant effects of the
boundary on the results. Otherwise the eutectic growth
will be constrained in a small box with a constant wall
temperature or cooling rate and the results will be domain
dependent. In other words, the selected domain should be
large enough for a thermal boundary layer, which is about
four orders in magnitude larger than the solutal one. On
the other hand, one should note that the numerical mesh
is fine enough for the interface and solutal fields. We
choose a square domain with symmetric boundary con-
ditions applied on the bottom and left boundaries and no-
flux boundary conditions on the right and top sides. The
eutectic growth starts from a small seed of one and/or both
phases in a large supercooled melt at a specified composi-
tion c0 and temperature T0. The Lewis number is defined
as the ratio of the thermal to the solutal diffusion coeffi-
cient, Le = α/D. The radius of the initial circular solid
seed is 10dα for all runs. The grid spacing is chosen as
4x̄ = 4x/W = 0.8 and the minimum time step is varied
depending on D, Le or λ̄. The only truly free computa-
tional parameter is now the interface thickness, W that
is chosen according to our model parameters. Hence, the
resolution of the phase-field simulations is given by the ra-
tio W/d̄ or by λ̄. The computational domains are adjusted
to have the same physical size in each case.

First, simulations for Le = 1 are performed. Fig. (1)
shows the simulation results of free-volum growth with one
nucleus. The initial dimensionless undercooling and the
coupling constants are chosen as 4 = 0.55 and λ̄ = 18.19.
The governing equations are solved on a grid of 600× 600
node points with grid size and the time step equal to 0.8
and 0.021, respectively. The magnitude of the noise coef-
ficients, Mα and Mβ , are set to 0.4 and 1.0 for this sim-
ulation. The two solid phases α and β are represented as
tree-like structures with different colors in Fig. (1.a). The
initial quarter-circular seed of α phase placed at lower-left
corner grows into a slightly undercooled melt. The whole
structure is then obtained by reflection of this configura-
tion about the x = y = 0 lines. It can be seen from the
simulation results that at the solid-liquid interfaces, some

concave hollows are formed and the eutectic microstruc-
ture evolves in a tree-like structure. The solid particles of
one phase nucleate on the opposite phase within the con-
cave portion of the interfaces. Consequently some eutectic
lamellae (α or β) appear through this kind of nucleation
and some disappear by the suppression of the neighbor-
ing lamellae. Jackson and Hunt found no experimental
evidence for the reduction of lamellae spacing by nucle-
ation of new lamellae, in the case of a too wide value of
this spacing under the corresponding processing condition,
which brings about growth instabilities [14]. Nevertheless,
some authors have argued that this nucleation mechanism
may play a role in the stabilization of the lamellae spacing
value [6, 21, 22].

The bifurcation effects are represented with light color
points in Fig. (1.b), and show the position of initiation of
the second phase (β or α) on the valley of the first phase,
while both α and β phases are presented in the same color.
It is observed also that the bifurcation effects appear on a
series of circular paths originated from the initial seed, at
lower-left corner, as the lamellae grow. These periodicity-
increasing bifurcations give rise to localized tilted domain
and enlarge the space of the possible stationary solution
in the radial growth.

Another interesting observation in the performed sim-
ulations, is the formation of fully developed petal-like sec-
tors comprising of the lamellae of both phases, which ini-
tiate from the origin seed as the lamellar structure grows.
The eutectic system selects a wavelength λ by adjusting
the creation and the annihilation rates of the lamellae. It
is observed that this wavelength is much larger than the
distance between two neighbor lamellae of different phases
(lamellar spacing ξ) and depends on the thermal and solu-
tal diffusion coefficients and the amount of perturbations
adding on the interfaces. In other words, the eutectic
front dynamic happens on a scale much larger than the
lamellar spacing which is determined by the Lewis num-
bers of the eutectic system. Therefore the geometry of the
lamellar interface is determined by both the interlamellar
and thermal diffusion lengths. This large-scale envelope of
the composite eutectic front exhibits tip-splitting events
as the nucleus grows and the microstructure converges to
a steady state.

The tip-splitting phenomena are shown more precisely
in Fig. (2.a), where three distinct petal-like sectors are
marked. The overall geometry spacing is defined as the
distance between two fully developed non-splitting sectors
(eutectic front wavelength λ). The α and β phases are
presented as light and dark color structures. This run is
performed on a lattice of size 1000 × 1000 with the same
undercooling and the material parameters as the previous
simulation. The noise coefficient Mβ is 0.6 for this sim-
ulation. Fig. (2.b) shows that the number of the petal-
like sectors are increased periodically as the morphology

5



evolves to a steady state. These phenomena can be un-
derstand by considering the fact that λ, which is deter-
mined by both thermal and solutal diffusion lengths, is
constant for a specific run . On the other hand as the
microstructure grows, the circumference of the outer cir-
cle of geometry increases and the lamellar sectors initiated
in the previous time steps can not cover it. Therefor the
system needs always to initiated new lamellar sectors to
stabilize. A good overall agreement between simulations
and experiments can be found by visualization of the sim-
ulation results for two nuclei, Fig. (3).

4.2. Effects of the Thermal Diffusion on Free-Growth
In order to investigate the effects of including the ther-

mal diffusion field on the eutectic free-growth, a series of
simulations have been conducted. First we perform the
simulation of isothermal free-growth with a constant cool-
ing rate δ = 0.015. The simulation domain is a square of
600 × 600 nodal points with a grid spacing of ∆x = 0.8
and a time step of ∆t = 0.02. The model parameters are
chosen the same as the previous runs. The predicted re-
sults for the phase-field variables are presented in Fig. (4).
Comparing this with the results of thermosolutal growth
with Le = 1, Fig. (1.a), shows that in the isothermal free-
growth, the radial structure is more uniform and the petal-
like sectors are not formed on the eutectic front. Therefor
for the modeling of the eutectic colonies formation in free-
growth in a computationally efficient way, one needs to
couple the thermal diffusion equation with the concentra-
tion field and the phase-field equations.

Another study has been done to establish the influence
of the thermal diffusion on the eutectic growth by compar-
ing the simulation results with different Lewis numbers.
The time-steps are adjusted according to the stability lim-
its of the discretized heat and concentration diffusion equa-
tions, 4t̄ = (1/4)(4x/W )2min{1/D̄, 1/α, τ̄α, τ̄β}. The
computational domain should be large enough to fulfill the
condition of domain independency. The computed front
wavelength with respect to the lamellar spacing λ/ξ are
14, 18 and 20 for Le = 1, Le = 2 and Le = 4, respec-
tively. Since the concentration diffusion coefficient were
kept constant in the whole simulations, one can conclude
that as the heat diffusion coefficient becomes larger, the
wavelength λ increases and larger petal-like sectors will
form. However to formulate a more precise relation for
the wavelength λ more detailed studies are required.

5. Conclusion

In this paper we have presented a quantitative phase-
field model to investigate the free-volume microstructural
pattern formation of eutectic colonies with coupled heat
and solute diffusion. First we have extended the phase-
field model of directed eutectic solidification [4] to work
in the free volume for a given initial nucleus. At this

point it was sufficient to calculate growth incorporating
a single crystal orientation. The model reduces to the
traditional sharp-interface model in a thin-interface limit,
where the microscopic interface width is small but finite.
Then we have examined the system of coupled heat and
solute diffusion by solving the heat equation together with
phase-field and concentration field equations to simulate
the free-volume eutectic colonies formation. This model
has enabled us to simulate the tree-like lamellar structures
of eutectic colonies for binary alloys.

To model the instabilities leading to eutectic colonies
formation, stochastic noises were included in the system.
We have investigated by dynamical phase-field simulations
the nonlinear evolution of the two-phase interfaces. The
periodicity-increasing bifurcations have been observed dur-
ing the simulations on a series of circular paths through
the lamellar structure with an origin on the initial seed.
These bifurcations have tilted the domain and enlarged
the space of the stationary solution in the radial growth.

Another interesting observation in the performed sim-
ulations was the formation of fully developed petal-like
sectors comprising of the lamellae of both phases during
the growth of the eutectic structures. We observed that
the eutectic system selects a wavelength λ by adjusting the
creation and the annihilation rates of the lamellae. The
calculated wavelength was much larger than the lamellar
spacing which was in a good agreement with the previous
study on directed eutectic colonies formation [8]. Further-
more we found that λ depends on the thermal and solu-
tal diffusion coefficients and the amount of perturbations
adding on the interfaces. As a conclusion, the eutectic
front dynamic happens on a scale much larger than the
lamellar spacing which is determined by the Lewis num-
bers of the eutectic system. Therefore the geometry of the
lamellar interface is determined by both the interlamel-
lar and thermal diffusion lengths. The simulation results
have shown also that the number of the petal-like sec-
tors formed on the large-scale envelope of eutectic front,
were increasing periodically as the morphology evolved to
a steady state. These phenomena could be understood
by considering the fact that λ, which was determined by
both thermal and solutal diffusion lengths, has been kept
constant for a specific run. On the other hand as the mi-
crostructure was growing, the circumference of the outer
circle of geometry has increased, so that the lamellar sec-
tors initiated in the previous time steps could not cover it.
Therefor the system needed always to initiate new lamel-
lar sectors to stabilize.

We have also compared the model results of thermoso-
lutal free-growth with isothermal free-volume growth. In
the case of isothermal free-growth, the radial structure was
more uniform and the petal-like sectors were not formed
on the eutectic front. Therefor for the modeling of the
eutectic colonies formation in free-growth in a computa-

6



tionally efficient way, it was necessary to couple the ther-
mal diffusion equation with the concentration field and the
phase-field equations. Another study has been carried out
to establish the influence of the thermal diffusion on the
eutectic growth by performing a series of simulations with
different Lewis numbers. The concentration diffusion co-
efficient and other physical parameters were kept constant
for the whole runs. We saw that as the heat diffusion
coefficient became larger, the wavelength λ has increased
and larger petal-like sectors have been formed. However to
formulate the relationship of the wavelength λ and the so-
lutal and thermal diffusion lengths precisely, an additional
parameter study is required.
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Figure 1: Free-volume eutectic colonies formation of one nucleus
showing lamellar structures (a) and bifurcation effects (b).
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Figure 2: A fully developed eutectic colony, in which several tip-
spliting envelopes are observed (a) and contour plots of microstruc-
ture after each certain number of cycles (some of the tip-splitting
areas are marked) (b).

Figure 3: A qualitative comparison between simulation results and
experiments. Phase-field simulation of eutectic colonies for a sym-
metric alloy of two nuclei (a) and experimental eutectic colonies of
Ti-Fe observed in [23] (b).

Figure 4: Isothermal eutectic free-growth with constant cooling rate
δ = 0.015.
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